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This paper explores a type of non-technological innovation, monetization strategy in-
novations in the mobile app market, and examines their adoption and impacts to better
understand what types of apps choose which monetization strategies. This paper mainly
exploits adoption of a novel monetization strategy, in-app currency. This paper finds sugges-
tive evidence of positive peer effects within app category in adoption of the novel strategy
and the association of the adoption decisions and profits with app ratings. Moreover, better
performance by later entrant adopters relative to the early ones is to some degree driven by
better app ratings of the late entrants. Across app categories, adoption of the novel strat-
egy has been more common in some categories than others, and adopters do better than
non-adopters in categories where the strategy is more popular. Throughout the paper, the
results suggest that monetization innovations may not benefit all types of apps, which could
be taken into consideration in designing policy programs to promote innovations.
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1 Introduction

Recent literature has examined non-technological innovations, such as organizational struc-
ture, marketing or other corporate strategies, and management practices (e.g. Bloom and
Van Reenen, 2010; Battisti, Gallego, Rubalcaba, and Windrum, 2014). This paper explores
a type of non-technological innovation, namely innovations in ways to monetize a user base
in the mobile app market. Using the app-level data, I examine the adoption of monetization
innovations and the impacts of innovation adoption to better understand what types of apps
choose which monetization strategies.

Adoption of innovations could spread in the market. I find some positive peer effects that
when more apps adopt innovation within some reference group, a later entrant is also more
likely to adopt the innovation. However, I cannot identify the underlying mechanism since
different mechanisms can generate an observationally equivalent aggregate-level diffusion
pattern.! This peer effect does not narrow down to a single implication, but suggests a
few non-mutually-exclusive possibilities, including information imperfection, learning across
cohorts, and growing consumer interests in apps using a novel monetization strategy.

Motivated by upward trends in adoption of both a novel strategy, “in-app currency,” and
app ratings, app quality may be another factor that affects innovation adoption. Differences
in app quality across apps could partition the population between those for whom adoption
is optimal and those for whom it is not. I find that an app with a higher rating is more
likely to adopt in-app currency, and find the association of app ratings with adoption of
other monetization strategies.

Performance gains from innovations have been examined in a line of literature (e.g. Bloom
and Van Reenen, 2007; and Geroski, Machin, and Van Reenen, 1993). The relationship
between innovation adoption and performance is a relevant question to understand how
apps as a profit-maximizers choose monetization strategies and what types of apps adopt
a novel strategy. First, I find better performance by in-app currency adopters than non-
adopters. Then, I ask whether early market entrants gain more from adoption than later
entrants and what types of apps benefit more from adoption. I find that better performance
by the later entrant adopters relative to the early ones is to some degree driven by app
ratings though I cannot rule out other drivers that may be correlated with both app rating
and performance, such as consumers’ growing interests in the novel monetization strategy. I
also find that adoption of a novel strategy has been more common in some categories than
others and that adopters do better than non-adopters in categories where the novel strategy
is more popular.

There are a few benefits of focusing on monetization strategy innovations in the mobile
app market. First, novel monetization strategies have been introduced in the early stage of
this relatively new industry. “In-app purchase (IAP),” a class of strategies by which users
are charged for additional features and contents within an app, is newer relative to “in-app
advertisement (IAA),” a strategy of showing ads within an app. Within finer classification
of the IAP strategy, novel relative to the other subcategories is “in-app currency,” a strategy
where users can buy in-app money that can be used within an app like a currency. My
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!The diffusion of innovation adoption has generally been known to follow a logistic distribution (Griliches,
1957; Geroski, 2000; Hall, 2006).



empirical analyses exploit these monetization strategy innovations. Second, the app market
provides variations across entrant cohorts and across app categories for many comparable
adopters and non-adopters of the innovations. Third, I can abstract from a dynamic (delayed)
adoption process given costly and rare switching between monetization strategies and the
short-living nature of mobile apps.

In order to gain more economic insights, I develop a simple model of app quality hetero-
geneity, where apps make rational adoption choices between novel and conventional mone-
tization strategies upon entering the market. When making the adoption decision, an app
faces the trade-off between higher fixed costs and better performance of the novel strategy,
which leads to a threshold quality below which the app adopts the old strategy. The model
suggests that the novel monetization strategy selectively benefit and are adopted by apps of
high quality, supported by estimation of a logistic model of adoption choice between novel
and old monetization strategies, i.e. IAP and IAA respectively. The estimation also suggests
adoption of both strategies particularly by high-quality apps.

This paper’s main contribution is examination of an unexplored non-technological inno-
vation, i.e. monetization strategy innovations, and a better understanding of the adoption
and impacts of these particular innovations.

The remainder of this paper is structured as follows. Section 2 describes data. Section
3 presents descriptive statistics and empirical analyses. Section 4 presents a model of app’s
monetization strategy adoption choices. Section 5 presents empirical analyses based on the
model. Section 6 concludes.

2 Data

Two main data sources are MixRanks and Mobile Innovation Group.? Data on ratings,
monetization strategies, and top chart rankings are from Mobile Innovation Group. The
sample is 6,158 free apps with IAP that were released from February 2010 until September
2014 and were ranked on the top chart at least once. The database provides app release date
(i.e. app’s market entry timing that defines entrant cohorts) and 23 app categories.®> The
database provides whether an app offers IAP and the seven subcategories of the IAP strat-
egy: freemium to add features, freemium to remove features, subscription to add features,
subscription to remove features, in-app credit, in-app currency, and bundled in-app pur-
chases. A novel IAP strategy among the IAP subcategories is “in-app currency” where users
can buy in-app money, used as a currency on access to features or contents (e.g. character
upgrades, game items, etc.).® This paper defines “freemium” as a strategy by which users
can use mobile apps free of charge to some extent but are charged to add (or remove) some

2Information about the Mobile Innovation Group is available at http://mig.stanford.edu. Information
about MixRank is available at https://mixrank.com

3App categories are books, business, catalogs, education, entertainment, finance, food & drink, games,
health & fitness, lifestyle, medical, music, navigation, news, photo & video, productivity, reference, shopping,
social & networking, sports, travel, utilities, and weather.

4An example of in-app currency would be game coins used for extra life or items within a game, and

different amounts of coin purchase options in the example app are shown in the third screenshot of Figure
Al
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features.” “Subscription” refers to a strategy by which users are charged a recurring price

to add (or remove) features.® “In-app credit” is a strategy where users need to buy credits
that are deducted for each use of features.” Lastly, “bundled in-app purchases” refers to a
strategy by which features that are sold separately are also bundled and sold as a package.®
These subcategories are non-mutually-exclusive in the sense that an app can adopt more
than one strategy, and examples would be the use of both freemium to remove features and
in-app currency in Figure A.1 and the use of freemium to add features and bundled IAP in
Figure A.2.

As a proxy for app quality, the average of ratings has a mean of 4.1 (out of 5 stars) and a
standard deviation of 0.61. The database provides IAP revenue range estimates. Revenues
from IAP have been known to be predictable to some extent from the top chart rankings.
As a performance measure, I use an indicator of whether an app has generated revenues
greater than $5,000 until June 2015 (so at least 6 months are given to the latest entrants
in the sample). 16% of the sample apps generated more than $5,000. The database also
provides the top chart app rankings based on downloads and revenues, the inverse of which
are later used as measures of incoming users and profits to reflect the highly skewed earnings
(i.e. concentrated on the upper tail) across rankings. As a measure for congestion, I use the
number of non-monetizing mobile apps (e.g., corporate apps, banking apps, shopping apps,
etc.). This is used mainly for the empirical analysis in Section 3.

I match 10,772 apps (from February, 2010 to June, 2013) of the Mobile Innovation Group
app data to the MixRank’s software developments kits (SDK) data that provide the list of
SDKs used in an app, including a SDK for IAA (in-app ads). Constrained by the MixRank
data, the sample shrinks to 1,925 apps, and this is used for the empirical analysis in Section
5.

3 Empirical Analyses

3.1 Descriptive Statistics of the IAP Subcategories

The finer classification of the IAP strategy into seven subcategories allows examination of
trends in adoption of different IAP strategies. Table 1 shows summary statistics by entrant
cohort (grouped by app release year, from 2010 until 2014) of the app performance measure
and adoption of different IAP strategies.

The use of “freemium to remove features” shows a declining trend until 2012 but goes
back up in 2013 and 2014 since many mobile apps started to have their IAA (in-app ads)
removable. There are also upward trends in its combined uses of “freemium to add features”

SWithin freemium, an example of addable features would be access to extra content, such as another
level or a story in a game, shown in the lower screenshot of Figure A.2. An example of freemium to remove
features would be one-time payment for disabling ads as in the third screenshot of Figure A.1.

6The first screenshot of Figure A.1 shows an example of subscription to add features: a monthly sub-
scription that gives access to all contents and customized features in a workout app.

"The second screenshot of Figure A.1 shows an example of in-app credit: a phone call app in which users
need to buy credits for calling and texting.

8 An example of bundled IAP would be access to all the themes (shown in the upper screenshot of Figure
A.2), also available to be sold separately (shown in the lower screenshot of Figure A.2).



and “bundled IAP” (from 7.0% and 1.1% in 2010 to 17% and 10% in 2014). This drove up
adoption of more than one strategy (from 20% of the sample apps in 2010 to 40% in 2014).
Another relevant upward trend is the use of “bundled IAP” (from 4.4% in 2010 to 19% in
2014).

The novel TAP strategy, “in-app currency,” shows a steep increasing trend (from 21% in
2010 to 49% in 2014). However, there is a downward trend in the use of “freemium to add
features,” one of the earliest IAP strategies. The subscription and in-app credit strategies
also show decreasing trends.

3.2 Peer Effects in Monetization Innovation Adoption

This section examines peer effects in adoption of the novel in-app currency (IAC) strategy.
Trending adoption of the IAC strategy has been observed in the market, and how well this
novel strategy works can be learned to some extent from how early adopters did relative to
non-adopters.

I use cross-sectional data of mobile apps, pooled across app entrant cohorts (grouped by
market entry year and quarters).” The dependent variable I74¢ is an indicator variable equal
to one if app 7 adopts IAC upon its market entry. ¢; denotes the cohort firm i belongs to. As
a measure that quantifies the extent to which adoption is spread within some reference group
of peers, I use the fraction of apps that adopt IAC in a given app category j of the prior
cohort ¢; — 1. The use of the prior cohort as a reference group is to avoid confounding by
unobserved category-specific contemporaneous shocks that might affect adoption decisions
across apps within an app category. The peer group adoption measure of app ¢ of cohort ¢;
in app category 7 is:
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where S;.,_1 is the set of apps in app category j in the prior cohort ¢; — 1, and n(S;,_1)
is the number of apps in S, 1.

I estimate the probability that an app adopts IAC given the fraction of adopters among
the peer apps, 1 ]1 fﬁl. The probability of IAC adoption by app ¢ of cohort ¢; in app category
J is specified as follows:

Pr(1{*) = BIA%, + 7 + e + e

where 7., is cohort fixed effects, ~; is app category fixed effects, and ¢; is the error term.
I include app category fixed effects to account for the adoption costs that may vary across
app categories due to intrinsic characteristics. Variation across apps within an app category
comes from variation in market entry timing, i.e. different cohorts and peers. I also include
cohort fixed effects to control for a market-wide adoption trend.

The empirical implication of peer effects is the response of an app’s adoption decision to
the adoption tendency of its peers, so I test whether apps are more likely to adopt IAC when
more peer apps adopt, hence 5 > 0. On the other hand, the implication of negative peer

9Division of entrant cohorts is arbitrary, and grouping by 6 months shows robust results.



effects is a switching adoption pattern, i.e. more likely adoption followed or preceded by
less adoption by peer apps and vice versa, hence § < 0. Finding either positive or negative
peer effects does not narrow down to a single implication. A few non-mutually-exclusive
implications of positive peer effects include learning across cohorts and growing consumer
interests in the TAC apps.

Table 2 reports the estimate B with inclusion of different sets of controls. In Column 4,
app rating is binned and controlled non-parametrically with fixed effects. Column 4 shows
that in a given app category, 10% more adopters among the earlier entrant are associated
with a 2.8% increase in the likelihood of an app’s IAC adoption, suggesting intra-category
peer effects. This finding is robust across different sets of controls. Using five other TAP
strategies (freemium to add features, freemium to remove features, subscription to add fea-
tures, subscription to remove features, and in-app credit), I perform placebo tests and report
the results in Table A.1. For each strategy, I replicate the regression in Column 4 of Table
2 and find no evidence of peer effects. I find the suggestive evidence of positive peer effects
only in adoption of the novel in-app currency strategy.

3.3 DMonetization Innovation Adoption and App Ratings

Motivated by upward trends in adoption of both the novel in-app currency strategy and app
ratings across app entrant cohorts in Figure 1, this section examines whether an app with a
high app rating is more or less likely to adopt TAC.

Figure 2 characterizes the association of app’s rating with the likelihood of adopting IAC
and two other strategies, freemium to add features and freemium to remove features. Each
binned scatter plot presents a relation between the adoption probability of a given strategy
and app rating (after controlling for time fixed effects), and the slope of the fitted line is an
OLS estimate when the adoption probability is regressed on app ratings. I find a positive
correlation between app’s IAC adoption and its rating: a 1-star rating increase is associated
with 13% higher chances of TAC adoption. In contrast, I find negative correlations between
adoption and app rating for the other two freemium strategies. Since apps would adopt
monetization strategies to maximize profits, their adoption behavior and its association with
app ratings implies some association of adoption profits with app ratings across monetization
strategies, which is discussed more in the next section where I find the positive association
between app’s gain from ITAC adoption and app rating. However, the results do not necessar-
ily imply that higher ratings lower profits from the freemium strategies. Higher ratings may
enhance profits from the TAC strategy relatively more than those from the other strategies.

3.4 Monetization Innovation Adoption and Performance

This section explores performance gains associated with adoption of the novel in-app currency
strategy. Would apps of certain characteristics gain more from the in-app currency adoption
than others? Would early entrants gain more or less than later entrants? To examine
performance gains from the IAC strategy, I compare the performance of IAC adopters relative
to non-adopters across 1) entrant cohorts and 2) app categories.



3.4.1 Performance across Entrant Cohorts

Motivated by an upward trend in adoption of the IAC strategy in Figure 1, I explore whether
early cohort adopters do better or worse than later cohort adopters relative to non-adopters
of respective cohorts. First, I find the average performance of IAC adopters is better than
non-adopters. Across entrant cohorts, I compare the average performance of IAC adopters
relative to non-adopters. As a performance measure, I use whether an app’s revenues are
greater than $5,000. Panel (b) of Figure 3 shows the fraction of apps that have generated
more than $5,000 among adopters and non-adopters respectively, and I find the performance
difference between adopters and non-adopters to be greater in the 2013 and 2014 cohorts
than in the earlier cohorts.

To examine drivers of the greater performance gains from in-app currency adoption in late
cohorts, I first explore changes in the composition of app categories and find the increasing
presence of game apps; games were 49.8% of the 2010 cohort and 77.2% of the 2014 cohort
in Table A.2. Limiting the sample to game apps, I find performance gains from adoption in
games to be greater relative to other categories in Figure A.3, implying that the increasing
presence of games partially explains the greater performance gains in the late cohorts.

As another potential driver, I explore app quality. Using app rating as a measure of
app quality and an indicator that equals one if an app’s revenues are greater than $5,000 as
the dependent variable, I examine the association of performance gains from TAC adoption
with app ratings. I empirically test whether differences in performance gains from IAC
adoption across entrant cohorts can be explained by differences in app ratings across cohorts.
Controlling for app ratings can reveal the extent to which app rating explains the performance
gain differences across cohorts (Cook, Diamond, Hall, List, and Oyer, 2018; Gelbach, 2016;
Palmer, 2015). Specifically, I estimate the following specification:

2014
Pr(revenue; > $5K) = Z By If X Iy + X + ¢
t=2011

where ¢ indexes apps, and ¢ indexes entrant cohorts, i.e. market entry year; I{ is an
indicator variable that equals one if app ¢ adopts in-app currency; I;; is an indicator variable
that equals one if app ¢ is of entrant cohort ¢; X is a set of control variables, which include
I¢, I;’s, app category fixed effects, and app quality controls; and ¢;; is the error term. Apps
that enter the market in 2010 are the base cohort.

The coefficients of interest are (3,’s that quantify the average performance differences
between TAC adopters and non-adopters across cohorts. For the 2011-2014 cohorts, the
coefficients (3;’s capture how much better IAC adopters perform than non-adopters in a given
cohort relative to the base cohort. Cohort fixed effects capture the average performance of
a given cohort relative to the base cohort, and the IAC adoption dummy I¢ captures the
average performance of adopters relative to non-adopters in the base cohort.

In Table 4, Columns 1 and 3 estimate the given specification without the app quality con-
trols to quantify the average performance gains from IAC adoption across entrant cohorts.
The later cohorts show greater performance gains than the early cohorts conditional on app
categories but not app quality. Conditioning on the app quality controls and re-estimating
reveals the extent to which time-varying distributions of app quality explain better perfor-
mance by later cohort adopters and the innovation adoption trends across cohorts. Columns



2 and 4 include the app rating controls and show the differences in performance gains across
cohorts to decrease in magnitude and become insignificant, suggesting that app quality is
a driver of the inter-cohort heterogeneity in adoption of the IAC strategy. However, the
results do not rule out other possible drivers that may also be correlated with app rating
and performance gains, such as consumers’ growing interests in using the IAP apps over
time.

A positive coefficient estimate for the interaction between app rating and the IAC adop-
tion dummy suggests that higher quality is associated with more performance gains. Given
profit-maximizing adoption decisions by apps, this finding is consistent with more likely IAC
adoption by higher quality apps, discussed in Section 3.3.

3.4.2 Performance across App Categories

Adoption of the novel in-app currency strategy in the game category versus the music or
productivity category may have different impacts on app performance depending on how
well the strategy fits in with contents and features. Some monetization strategies may be
inherently more or less attractive to some app categories than others. Table 3 shows that
adoption of the TAC strategy has been more common in some categories, such as games,
social networking, sports, and entertainment, whereas the strategy has not been adopted in
some other categories, such as medical, weather, and finance.

As a measure of performance gains from IAC adoption, the last column of Table 3 reports
the difference in the proportion of apps that have generated more than $5,000 revenues
between IAC adopters and non-adopters in a given category. Visualized in Panel (a) of Figure
3, this relative performance measure is comparison of the average performance between
the adopters and non-adopters. IAC adopters show particularly better performance than
non-adopters in some categories, i.e. games, social networking, lifestyle, productivity, and
utilities, relative to the other categories. For example, dating apps in the social networking
category have adopted IAC and done well. In the productivity and utilities categories where
the TAC strategy is not so popular, better performance of the adopters is due to a particular
type of apps that sell Instagram “likes” and “followers” to users, categorization of which is
questionable. Apart from such exceptions, adopters do better than non-adopters in categories
where the IAC strategy is more popular, suggesting differences in suitability of the TAC
strategy across categories.

Database is not big enough to have power to further examine which factor drives such
performance differences across categories, but at the aggregate-level, data suggest that app
quality is not a driver. For example, health & fitness and photo & video categories show
very high ratings but not-so-good performance by IAC adopters.

4 Model of Monetization Strategy Adoption

In order to gain more economic insights, I develop a simple model. Given the short-lived
nature of mobile apps, I build a simple two-period discrete choice model between novel
and old monetization strategies. The model also reflects the empirical findings and some
institutional features of the mobile app market to some extent. I present two scenarios of



monetization strategy adoption choices: 1) a general case of novel and old monetization
strategies and 2) a particular case of IAP and TAA. Discussions on modeling decisions and
model implications follow.

4.1 Setting

I use a model of heterogeneity in app quality. For simplicity, each app developer is assumed
to own a single app of quality 6 € [1,5]. To avoid confusion, I refer the decision maker as
an “app” throughout the section. First, an app chooses an advertising investment for user
acquisition based on an industry practice of advertising and buying downloads (Bresnahan,
Li, and Yin, 2016).

4.1.1 User Acquisition

An app of quality 6 decides advertising investments for periods 1 and 2, ay,ay € [0, 1], to
maximize the total monetizing profits, and the cost of the advertising investment c(a;) is
strictly increasing and concave: ¢(a;) > 0 and ¢’(a;) > 0. For simplicity, the marginal cost
of advertising is assumed to be constant: ¢'(a;) = ¢, ¢ > 0.

The number of incoming users n; in period t is decided by a function of an advertising
investment a; and market congestion S;, i.e. how congested the mobile app market is:
ne = fla) = Prag. Br € [0,1] (higher /5 indicates lower congestion). A user base Ny
is the summation between the user base and the incoming users of the previous period:
Nt = Nt—l +ng_1.

The app chooses a1, ay € [0, 1] to maximize the total profits:

I1(0, No) = maxa, o,7(0, N1) — c(ar) +  {m(0, N3) — c(az2)}

where 6 € [0,1] is a discount rate, Ny € [1,00], and nyg = 0. The functional form of
the periodic profit is w(6, N;) = 0log(N;) where a user base enters through a log function
to reflect the skewed distribution in usage and spending by users, i.e. concentrated on the
upper tail. The dependence of the profit on app quality is to reflect the empirical findings
from Section 3.

4.1.2 General Case of Monetization Innovation Adoption

The above base model is combined with an adoption choice between novel (N) and old (O)
monetization strategies. The periodic profit function is:

Tr(ea Nt) = Oéze log(Nt) - Ciai S {N, O}

where parameters «; and c¢; denote the profit coefficient and adoption fixed costs of
strategy ¢ respectively (any > ap, ¢y > co: greater adoption fixed costs and the greater
profit coefficient of the novel strategy). The adoption choice between the novel and old
strategies is made in period 0 and irreversible.



4.1.3 Particular Case of Monetization Innovation Adoption: TAP and TAA

This particular setup sheds light on substitutability and complementarity between moneti-
zation strategies. Combined with an adoption choice between a novel and old strategies,
IAP (P) and TAA (A) respectively, the periodic profit function is:

(0, Ny) = Jap(0 —N{A=1})log(N,) — cp] I{P =1}
+ [abllog(N;) — ca] I {A =1}

where coefficients a4 and ap are the profit coefficients of IAA and IAP respectively, and
ca and cp are the adoption fixed costs of TAA and TAP respectively (ap > a4, cp > c4). The
former and latter terms are profits from IAP and IAA respectively, but the former includes
the quality penalty for adopting both TAA and IAP: A € [1, 55—};“)7 the app can adopt both
but suffer from some app quality penalty since the app with ads would, ceteris paribus, be
less preferred by users than one without. Other than the penalty, the setup is analogous to
the general case.

In both the general and particular cases, the key in this model of app quality heterogeneity
is the novel strategy’s trade-off between higher fixed costs and greater performance with
respect to app quality from the novel strategy. The novel strategy is not strictly preferred
by apps of all #’s due to fixed costs.

4.2 Predictions

This section presents detailed discussions of the model implications.

4.2.1 User Acquisition

The app of quality ¢ has a user base of Ny, and faces the app market congestion 5. For
simplicity, Propositions 2-5 abstract from the corner solution case, the proofs of which is
trivial.!?

Lemma 1 The app chooses aj = max {ﬁ — %, O} and a’ = 0, and the total profits are:

IT*(0, No) = max {Qlog(No) — 40 + % + 40 log(ﬁl—c‘w), (1+ 5)010g(]\70)}
Proof. In Appendiz B.1 m

An app (of quality 8) chooses the optimal advertising investment for user acquisition and
monetizes the user base. The model makes the app choose the optimal investment a] so that
the period 2 user base is optimized to Ny = Ny +n] = @ (which would be less for harsher
discounting, more congested market, or more expensive advertising). The optimal period
2 user base Nj (= @) does not depend on the existing user base Ny. So, the incoming
users are N; less the existing user base: n} = 61760 — Ny. The exception would be the corner

solution (aj = 0,n] = 0) where for the given quality and the market congestion, the app

10The corner solution would make the following wording changes in the propositions: from “increasing
(decreasing)” to “non-decreasing (non-increasing).”
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already has enough or more users than what the app would have wanted as its user base by
period 2 (Ny > ‘56719).

Of the closed form solution for the optimal total profits, the first term is the period 1
profit, the second and third terms are the optimal advertising investment costs, and the
fourth term is the discounted period 2 profit. I derive empirically testable comparative
statics below.

Proposition 2 Given % — % > 0, incoming users increase in quality but decrease in con-
gestion and an existing user base.
Proof. In Appendiz B.2 m

The app makes the optimal investment af (of Lemma 1) at which the incoming users are
the optimal period 2 user base less the existing user base: nj = Nj — Ny = 51—6‘59 — Ny. Each

existing user would lessen an additional incoming users (% = —1) so that the period 2 user

ONg
base totals 292, Without the existing user base Ny, the model predictions are less realistic,
c g P

i.e. the app always needs to make some investment (a} > 0).!!
Since the optimal period 2 user base is the sum of the incoming users and the existing
user base (Ny = n} + Ny), the optimal period 2 user base N would increase in app quality

ONX
— 91 and 2_@)

. . ONX . .
and decrease in congestion (=2 , and so would the incoming users

90 T ¢ 9B T ¢
ONg _ Onj NG _ 9n]
(o5 = 75, and S5 = 55 )-
Proposition 3 Given ‘%0 — % > 0, the total profits increase in quality and an existing user

base and decrease in congestion. The marginal profit with respect to app quality is greater
when there is lower congestion.
Proof. In Appendiz B.3 m

App quality increases the total profits through two channels, the period 1 profit and the
optimal user acquisition, which adds onto the period 2 user base. The user base N, also
affects the total profits through two channels, the period 1 profits and the costs reduction
in user acquisition (i.e. the first and second terms respectively in g—% = Nio + Bil) Saving
the costs of acquiring the user base Ny that it already has, the app only needs to acquire
the remainder Nj — Ny.'? Given the negative effect of congestion on incoming users in
Proposition 2, congestion affects the total profits by making user acquisition harder.

The latter part of Proposition 3 stems from the interaction between app quality and a
user base, i.e. better quality apps can monetize better across users to some degree, and
implies that lower congestion in the app market would amplify the effect of app quality on
the profits. The market condition can widen or narrow the performance gap between high-
and low-quality apps, which is to some degree consistent with the early market where there

was less congestion, and there were fewer apps on the “stickier” top charts.

"Tn a model without Np, there would also be no period 1 profit. The problem simplifies to I1(6) =
maz,, — cai + 60log(Bra1), optimized at af = %% nj = ﬁlT‘se. So, aj >0

12Even in the corner solution where the app only monetizes the existing users without user acquisition,
the app quality and the user base still increase the profits.

11



4.2.2 Monetization Innovation Adoption

Proposition 4 Under some reqularity conditions, there exists a quality threshold 6* such
that I (0*) = o (0*). The app would adopt the novel strategy if 0 > 6*.
Proof. In Appendiz B., =

The app would adopt the novel strategy over the old strategy if IIx(0) > I1p(6). Given
the novel strategy’s trade-off between greater profits with respect to app quality and higher
fixed costs (ay > ap and ¢y > cp), the implication of the model would be a threshold
quality below which the app would prefer the old strategy over the novel strategy.

Proposition 5 The marginal profit with respect to app quality from IAP adoption is greater
than that from IAA adoption, and there exists a quality threshold above which the marginal
profit with respect to app quality from adoption of both IAP and IAA is greater than that
from adoption of either.

Proof. In Appendiz B.5 m

Consistent with the empirical findings in Section 3.4, i.e. better performance by adopters
of higher quality, the profit from adoption of the novel IAP strategy is greater for higher
quality. The dependence of app’s adoption of monetization strategies on its quality is also
consistent with the findings in Section 3.3. The model suggests a possibility of selective
adoption of the monetization strategy innovation only by high-quality apps. The latter
part of Proposition 5 suggests the association of the substitutability /complementarity of the
strategies with app quality; despite the app quality penalty from adopting both strategies,
higher quality apps may still adopt both.

5 Empirical Analyses of the Model

This section examines the empirical implications and consistency of the model.

I test the model predictions regarding incoming users and profits. I use non-monetizing
mobile apps (e.g., corporate apps, banking apps, shopping apps, etc.) as a market congestion
measure, app’s rating as a quality measure, and the inverse of downloads and revenue rank-
ings as measures for incoming users and profits respectively. Consistent with proposition
2, Table A.3 shows that incoming users are associated with app quality positively but with
congestion negatively. Proposition 3 predicts app profits to increase in quality and decrease
in congestion, and consistent correlations are reported in Table A.3.

5.1 Monetization Strategy Choices

This section estimates the model of adoption choice between novel and old monetization
strategies, i.e. TAP and TAA respectively, through a multinomial logistic model of four
discrete choices: TAA (A), IAP (P), both (B), or none(N) (McFadden, 1981). The variable
Iz-j is an indicator variable that equals one if app ¢ adopts strategy j. The app i’s likelihood
of adopting strategy j is specified as:

exp(336; + )
>, exp(B50; + 6h)

ke{A,P,B,N}

Pr(I] = 1|6;) =
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where 6; is app 7’s quality, measured by app’s rating. Each app’s log likelihood contribution

is l; = S°  IJInPr(I = 1/6;), and the overall log likelihood function is the sum of I;
j€{A,P,B,N}

across N apps, InL(f) = Zf\il l;. The parameters §’s are estimated by maximizing InL(3).

The base case is no monetization strategy (7 = N).

A measurement error from the use of app rating as a measure of app quality would
attenuate the coefficients. Consumer preference shocks, i.e. consumers’ interests in apps
with TAP and TAA, would affect both app ratings and app’s adoption of those strategies.
This would confound the coefficient estimates. Any other unobservables associated with
app’s rating and adoption behavior are also identification concerns.

Table 4 reports the estimation results. As an empirical analog with an interpretable scale,
I compute the numerical derivatives of the choice probabilities with respect to app quality,
w |s—g, at the mean app quality (0 = 3.9). A l-star rating increase in app quality is
associated with increases in the probability of adoption of both strategies by 17% and IAP
by 0.59% but with decreases in the adoption probability of IAA by 4.5%. To some extent,
the results are analogous to the findings in Section 3.3 that app quality is associated with
adoption of the in-app currency strategy positively but with adoption of the other strategies
negatively. Consistent with Proposition 5, Figure 4 shows positive numerical derivatives of
the adoption probability of both strategies, suggesting some complementarity between TAA

and TAP (e.g. TAAs removable through IAP).

5.2 Dynamics in Monetization Innovation Adoption

This section is to introduce some dynamics to the static equilibrium setup. I assume that
app quality 6 has a log-logistic distribution with parameter v and c.d.f. F.'* When 6* is
implicitly defined such that I1y(6*) = I1o(6%), the proportion of apps that adopt the novel
strategy would be 1 — F(6*). The threshold quality in entrant cohort ¢ is specified as:

0*(t) = 086’”

where A is the exponential rate at which the threshold declines. Given the log-logistic
distribution F;(#) for cohort ¢,

1 — Ft(e*) _ e—wlne*(t)Ft(e*)

m{%;ff*)} (A — At

The above equation is estimated simply by a regression of the empirical log odds ratio
from data on time period (by 6 months). I recover A from the intercept and the slope
estimates: A = .13.% The estimate suggests that the adoption quality threshold decreases
by 13% from the prior period. At the aggregate level, I suggest dynamics through a declining
adoption quality threshold and an accompanied increasing trend in adoption, as in Figure

13Griliches (1957) first used this specification for the diffusion of innovation adoption.

The intercept and slope are estimated using OLS: yA=.16%** (.023), AIn 5= 1.2%** (.12). The slope
parameter would be a multiplication between the rate A at which the threshold falls and the shape parameter
v of the distribution, and I set the threshold among the first entrants as In 6§ = 1.
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1 though I cannot identify how exactly app’s adoption decision changes over time since
different micro-level changes can be observationally equivalent at the aggregate level.

6 Conclusion

This paper examines monetization strategy innovations in the mobile app market. I examine
the adoption and impacts of the innovations to better understand what types of apps choose
which monetization strategies. In empirical analyses, I exploit adoption of in-app currency,
which is a relatively novel strategy and shows an increasing trend in adoption.

I find suggestive evidence of positive peer effects within app category in adoption of
IAC but not of other conventional monetization strategies, suggesting a few non-mutually-
exclusive implications including information imperfection, learning across cohorts, and grow-
ing consumer interests in the IAC apps. By comparing adopters and non-adopters, I also
find the positive association of app ratings with adoption tendency and profits. Moreover,
better performance by later entrant adopters relative to the early ones is to some degree
driven by better app ratings of the late entrants though I cannot rule out other drivers that
may be correlated with app rating and performance, such as consumers’ growing interests in
using the TAP apps over time. Adoption of the IAC strategy has been more common in some
categories than others, and I find that adopters do better than non-adopters in categories
where the strategy is more popular.

In order to gain more economic insights, I develop a simple model of app quality hetero-
geneity and suggest a possibility that a novel monetization strategy could selectively benefit
and be adopted by high-quality apps, supported by estimation of a logistic adoption choice
model. I also suggest some dynamics in the adoption process.

Throughout the paper, the results suggest that monetization strategy innovations in
the mobile app market may not benefit all types of apps, which may be the case in other
innovations so could be taken into consideration in designing policy programs to promote
innovations.
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Figure 1: In-app Currency Adoption and App Rating by Entrant Cohort
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These figures use a 6-month time window. In a given period, each bar is the proportion of entrants

that adopt in-app currency, and each point is the mean of average ratings: across all categories in
(a) and for games in (b).
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Figure 2: Monetization Strategy Adoption and App Quality
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This figure shows binned scatter plots of the relationship between the likelihood of a given strategy
adoption and the app rating across mobile apps. In each panel, app’s rating is binned into 20
quantiles and plotted on the x-axis. The proportion of apps that adopt the given strategy is
plotted on the y-axis. I control for time fixed effects. I estimate the fit lines on the binned points
using OLS and report the slope coefficients and standard errors (in parentheses).
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Figure 3: In-app Currency Adoption and Performance
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These figures show the proportion of apps that have generated more than $5,000 revenues among in-

app currency adopters (an orange bar) and non-adopters (a blue bar) respectively: across categories
in (a) and cohorts in (b).
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Figure 4: Numerical derivative of Monetization Strategy Adoption Probabilities
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This figure visualizes the estimation results of the multinomial logit model, reported in Table 5,
with an interpretable scale. I compute the numerical derivatives of the adoption probabilities with
respect to app quality at the mean app quality (6 = 3.9).
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Table 1: Summary Statistics of Monetization Strategies by App Cohort

All years 2010 2011 2012 2013 2014
6,158 apps | 828 apps 1,522 apps 1,579 apps 1,403 apps 826 apps
Performance

I{Revenue > $5,000} 16.1% 10.0% 12.0% 16.9% 21.2% 19.6%

Monetization Strategies
Freemium to add features (AF) 48.5% 55.8% 52.2% 45.5% 45.8% 44.7%
Freemium to remove features (RF) 17.3% 16.7% 15.4% 14.4% 17.2% 27.5%
Subscription to add features (AF) 5.1% 6.2% 6.6% 5.7% 3.8% 2.7%
Subscription to remove features (RF) 0.4% 1.4% 0.4% 0.4% 0.1% 0.0%
In-app credit 1.1% 1.3% 11% 1.2% 0.9% 0.7%
In-app currency 39.4% 21.0% 32.8% 45.7% 45.1% 48.5%
Bundled TAP 9.6% 4.4% 51% 7.0% 15.3% 18.8%
Freemium AF x Freemium RF 10.4% 7.0% 8.9% 8.9% 12.3% 16.6%
Freemium RF x Bundled IAP 3.8% 1.1% 1.5% 2.2% 5.9% 10.4%
Currency x Freemium AF 8.8% 4.2% 7.6% 10.5% 9.8% 10.4%
Currency X Freemium RF 4.6% 2.1% 4.0% 5.5% 4.8% 6.3%
Credit x Subscription AF 0.2% 0.4% 0.0% 0.3% 0.2% 0.0%
Credit x Subscription RF 0.1% 0.2% 0.0% 0.2% 0.1% 0.0%
Multiple strategies 31.3% 20.3% 27.5% 29.6% 38.5% 39.9%

This table shows summary statistics by app cohort of a performance measure, an indicator of
whether an app has generated cumulative revenue greater than $5,000 and a set of indicators for
an app’s adoption of monetization strategies.
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Table 2: Peer Effects in In-app Currency Adoption

DEP VAL:

Pr(In-app Currency Adoption) (1) (2) (3) 4)
Fraction of In-app Currency Adopters .957***  57G***  37g¥k#*k  o7gkk*
Among Peers (.0140)  (.151)  (.0900) (.0616)
App Category FE No Yes Yes Yes
Time FE No No Yes Yes
App rating Control No No No Yes
Number of Apps 6,091 6,091 6,091 6,091
R? 248 255 261 208

FE p<0.01, ** p<0.05, * p<0.1

This table shows the results of a regression of app’s in-app currency adoption decision on the
fraction of adopters among peer apps, i.e. apps in the same app category in the prior entrant
cohort. Time is in quarters (3 months). App rating is binned and non-parametrically controlled
with fixed effects in Column 4. Standard errors in parentheses are clustered by app category.
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Table 3: In-app Currency Adoption across Categories

Category Total number of apps In-app currency adoption (%) Relative performance (%)
Catalogs 9 11.1 0
Education 162 3.1 -17.9
Entertainment 337 13.4 11.6
Games 4,054 56.6 21.7
Health & Fitness 118 1.7 -25.0
Lifestyle 122 7.4 29.4
Music 153 5.2 6.4
News 40 2.5 -41.0
Photo & Video 354 4.8 0.5
Productivity 171 1.8 44.6
Social Networking 145 20.7 23.0
Sports 56 14.3 10.4
Utilities 150 4.0 28.5

This table shows the proportion of apps that adopt in-app currency across app categories. Relative
performance is defined as the difference in the proportion of apps that have generated more than
$5,000 revenues between in-app currency adopters and non-adopters in a given category. Omitted
categories where there is no app that adopts in-app currency are books, business, finance, food &
drink, medical, navigation, reference, shopping, Travel, and Weather.
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Table 4: Response of Performance to In-app Currency Adoption across Entrant Cohorts

DEP VAL:
Pr(Revenues > $5K) (1) (2) (3) (4)
2011 Cohort -.00822  -.0483 -.0107  -.0433*
x In-app Currency =1 (.0351) (.0331) (.0274) (.0248)
2012 Cohort .0452 -.0228 .0461* -.0272
x In-app Currency = 1 (.0340) (.0314) (.0268)  (.0236)
2013 Cohort 11 .0362 .0974** .0181
» In-app Currency = 1 (.0435)  (.0397)  (.0379)  (.0338)
2014 Cohort .0921* .0249 .0641 -.00478
x In-app Currency = 1 (.0450) (.0446) (.0427)  (.0416)
Rating 0497H* 0397k
(.0128) (.0112)
Rating .0893H* 0970 **
x In-app Currency = 1 (.0147) (.0159)
Time FE Yes Yes Yes Yes
App Category FE No No Yes Yes
Number of Apps 6,158 6,158 6,158 6,158
R? .0547 .0703 .0871 .101

FFE p<0.01, ** p<0.05, * p<0.1

This table shows the results of a regression of app’s performance measure, i.e. an indicator of
whether an app has generated more than $5,000 revenues, on the in-app currency adoption dummy
interacted with the entrant cohort dummies and app rating. App categories are controlled in
Columns 3 and 4. Standard errors in parentheses are clustered by app category.
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Table 5: Estimation of Monetization Strategy Choice Model

Strategy Adoption Choices Parameters
1'10***
IAP and TAA App Quality (.0990)
) *okok
Constant (3;;2)
*EE
IAP App Quality (? 11 6)
) *oxk
Constant (24?1?8))
FEE
TIAA App Quality (4f g 1)
1.7k
Constant (.396)
Number of observations 1,925

T p<0.01, ** p<0.05, * p<0.1

This table reports the parameter estimates of the multinomial logit model of monetization strategy
adoption choices among IAP, IAA, both, and none. The base case is adoption of none. Standard
errors are in parentheses.
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A Appendix: Figures and Tables

Figure A.1: TAP Categorization Examples
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This figure shows examples of mobile app’s in-app purchase options to users. Based on the cat-
egorization scheme of the MIG database, three screenshots from left to right are examples of:
subscription to add features (from “Yoga Workouts by Daily Burn”), in-app credits (from “Text
Me - Phone Call + Texting”), and freemium to remove features and in-app currency (from “Gordon

Ramsay: Chef Blast”).
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Figure A.2: Example of Bundled In-app Purchases
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inds packed with 80+ locations and
diverse characters in this complete
exploration pack!

Also get 70+ animations for FREE!

Unlock 7 enchanting scenes
‘and 20+ magical characters.
Explore this fantasy world now!

This figure shows an example of a mobile app’s in-app purchase options to users: freemium to add
features and bundled in-app purchases (from “Tizi World - My Pretend Life”).
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Figure A.3: In-app Currency Adoption and Performance in Games
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This figure shows the proportion of game apps that have generated more than $5,000 revenues
among in-app currency adopters (an orange bar) and non-adopters (a blue bar) respectively across
app entrant cohorts.
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Table A.1: Placebo Test Results: Peer Effects

DEP VAL:
Pr(Adoption) (1) (2) (3) (4) (5)
Strategy: Freemium AF Freemium RF  Subscription AF  Subscription RF  Credit
Fraction of Adopters .0154 .0517 .0549 210 104
Among Peers (.0584) (.0639) (.0824) (.129) (.0752)
App Category FE Yes Yes Yes Yes Yes
Time FE Yes Yes Yes Yes Yes
App rating Control Yes Yes Yes Yes Yes
Number of Apps 6,091 6,091 6,091 6,091 6,091
R? .0985 .0348 194 .0390 .0825

FRF 5<0.01, ** p<0.05, * p<0.1

This table shows the placebo test results of the peer effects in adoption of the in-app currency
strategy (Column 4 of Table 2). The adoption probabilities of five other monetization strategies
are regressed on the fraction of adopters among peer apps, i.e. apps in the same app category in the
prior entrant cohort. Time is in quarters (3 months). App rating is binned and non-parametrically
controlled with fixed effects. Standard errors in parentheses are clustered by app category.
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Table A.2: App Category Composition by Entrant Cohort

Cohort (by year) 2010 2011 2012 2013 2014

Books 1.3 0.9 1.0 0.4 0.4
Business 1.1 0.7 0.4 0.6 0.2
Catalogs 0.0 0.1 0.4 0.1 0.0
Education 3.6 3.0 3.1 1.9 1.3
Entertainment 9.1 6.3 4.8 4.1 4.0
Finance 0.6 0.3 0.3 0.4 0.1
Food & Drink 0.6 0.3 0.4 0.3 0.1
Games 49.8 61.8 66.8 719 77.2
Health & Fitness 2.8 1.6 2.2 2.3 0.6
Lifestyle 3.1 3.4 1.4 1.1 0.9
Medical 1.0 0.4 0.2 0.2 0.0
Music 4.1 3.3 2.1 1.8 1.3
Navigation 0.9 0.6 0.6 0.2 0.1
News 1.3 0.8 0.6 0.2 0.5
Photo & Video 4.5 6.4 5.6 6.3 5.2
Productivity 4.5 2.6 3.1 1.9 2.2
Reference 1.1 0.6 0.8 0.5 0.4
Shopping 0.1 0.0 0.1 0.1 0.0
Social & Networking 4.0 2.2 2.2 1.9 21
Sports 1.2 0.8 1.1 0.8 0.6
Travel 1.5 0.7 0.4 0.4 0.2
Utilities 3.1 2.7 2.2 2.0 2.4
Weather 0.9 0.5 0.3 0.5 0.1
Number of apps 828 1,522 1,579 1,403 826

This table breaks down each entrant cohort by app category. Each entry is the proportion of apps
in a given category such that each column adds up to 100.

Table A.3: Correlations with App Quality and Congestion Measures

DEP VAL: Incoming Profits
Users
(1) @
App Quality .00106%** L0124%%*
(.0000887) (.000163)
Congestion -.000110*%** .000107***

(.000000513)  (.00000260)

Number of Observations 558,980 558,980
R? .0805 .0165
K p<0.01, ** p<0.05, * p<0.1

Column 1 shows the association of incoming users with app quality and congestion, and Column 2
shows the association of profits with app quality and congestion. Each observation is the app by
day level.
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B Appendix: Proofs

B.1 Proof of Lemma 1

Proof. In period 2, the app developer will not invest because ¢(a;) > 0, and choosing ay > 0
has zero effect on revenues: a3 = 0.
The periodic profit m, is increasing and concave in a;.

871'2 . 07@ 8N2 . 0
0&1 N aNz 8@1 N NQﬁl >0

8271'2 o 827'('2 8N2 27 0 ﬁz <0

8@% B 8N22 8@1 N 8N22 !
The advertising cost is linear, so ¢’(a;) = 0, and the objective function is also concave in a;.
From the first order condition with respect to aq,

(971'2

0— =0
(a1)+ D,
510
e+ s—  — ¢
No + praq
By solving the FOC,
! c B

By plugging in aj, the solution becomes:
a; = max{‘sf Jgf 0}
az =0

IF::nmx{QMQm%)—50+4g9+59mga%%%(1+5ynqxwm}

B.2 Proof of Proposition 2

Proof. Given 59 Jgo > 0, the interior solution will be chosen for the optimal advertisement

investment: a] = ‘569 NO

By differentiating aj w1th respect to 0, B1, and Np,

oay )
o ¢!
8&1‘ NO

= —= >0
OB e
day 1

= ——<0
0Ny B

8a1 8n1

Bnl - po 9ai > 0, 2 = = aj + ﬁl > 0 (lower f; is higher congestion), and =

0 o
51 a1<0.
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B.3 Proof of Proposition 3

Proof. Given % — %o > (, the interior solution will be chosen: IT* = §log(N,) — 66 + % +

< B
56 log(22%).
By differentiating IT* with respect to @, 31, and Nj,
OlIT* 00
0 log(No) + 5log(ﬁlc ) > log(Noy) + dlog(Ny) > 0
olT* c 00 Ng
= —(——=-—)>0
OB B c B )
olr* 0 c
= —+—=5>0

aANYO NO /81

So, 86% > 0, g%; > 0, and ?9_1;1* > 0 (the lower (3, the higher congestion).

For the second part of the proposition, I take the cross derivative of the profits with
respect to quality and congestion:

oIT* )
=—>0
20081 B
Since lower (3; represents higher congestion, 8%1;1 > () proves the second part. m

B.4 Proof of Proposition 4

Proof.

The strategy-dependent profit coefficients in the periodic profit and adoption fixed costs
are the only changes, so the second order condition still holds. The proofs assuming the
interior solutions are below:

Case 1 (O = 1): The profit is m = apflog(NV;) — co, and by solving the first order
condition of 7 with respect to aq,

dapl N
a4 = o - —%(> 0 for the interior solution)

¢ 1
N
H*O = apb IOg(NQ) — dapb + CB_O + daph 10g(515050(9
1

) —co(l+9)

Case 2 (N = 1): The profit is m = ayflog(N;) — cy, and by solving the first order
condition of 7 with respect to aq,

danf N,
aj p = Nz —%(> 0 for the interior solution)
’ C 1
N, danb
Iy = anflog(Ny) —danb + % + 5aN910g(ﬁ1 an ) —en(l1+9)
1 C

Define F'(0) = II}, — IIY,, and take its derivative
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OF Ol OII;,

20 90 90
dant dapl
= log(No)(ayx — ap) +5{aN10g(51 CN ) —ao 1og(51 27}
> 0
. . .- (en—c0)(149) cN—cC
Under the following regularity conditions (CVN—IZV S los o)) > O naz and o (L ;\; (aggcmaz)) >

Omin, the following can be shown:

F<0ma$> - Hi;\/v - H*O |0:0ma:c> 0

Since m;—g" — 8(19'[_0? > 0, there exist 6* € [Onin, Omaz) such that II§ — I [g=p~= 0
|

B.5 Proof of Proposition 5

Proof. The penalty coefficient and the strategy-dependent profit coefficients in the periodic
profit are the only changes, so the second order condition still holds. The proofs of the
interior solutions are below (the proofs of the corner solutions are trivial so omitted):

Case 1 (A =1 and P = 0): The profit is m; = a,0log(N;) — ca, and by solving the
first order condition of 7 with respect to aq,

daall N
ay 4 = A7 —%(> 0 for the interior solution)

c 1
Broaaf

N
Iy = «aaflog(Ny) —(504A9+%+(5a,4910g( ) —ca(l+9)

1

Case 2 (A =0 and P = 1): The profit is m = apflog(N;) — cp, and by solving the
first order condition of m with respect to ay,

dapl N
ajp = ar’ —%(> 0 for the interior solution)
I C 1
N, dapb
I, = apblog(Ny) — dapl + % + (5ap(910g(ﬁ1 ar ) —cp(l+9)
1 c

Case 3 (A =1 and P = 1): The profit is m; = {ap(d — A) + a0} 1log(N;) — (cp + ca),
and by solving the first order condition of m with respect to ay,

{ap(0 =N +aaf} Ny

ay agp = . —1(2 0 for the interior solution)
cN,
Miep = (log(No) = 0){ap(d — A) + aab} + B—IO
pré{ap(0 — N) + aab}

+0{ap(0 — X\) + a0} log(
—(ep+ca)(149)

)

Cc
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If T take the derivatives of the profits with respect to 6 respectively,
oIy

dausl
50 aAlog(No)—i—éozAlog(ﬁch

5(1;[91: = ozplog(]\fo)—|—504plog(m(scap(9

) > aqlog(Ng) + daalog(Ng) >0

) Z ap IOg(N()) -+ 50[]3 10g(N0) Z 0

Ol p Bro{ap(d — A) + aab}

50 = (aa + ap)log(Ny) + 6(as + ap) log( . )
> (aa+ ap)log(Ny) + 0(aa + ap)log(Ny)
> 0
Now, I need %2 — 204 > 0,v6, and 39 Zase — 200 > 0,6 > 6.
o, I
00 00
dapl daqb
= log(No)(ap — ay) +5{aplog(51 CP ) — aa og(ﬁl 0
> 0
oI, oI

<6 — a5~ > 0,V because Op > aa.

Define F'(0) as follows:

— a1_[,4&}3 o1y,

PO = "0
0 60—\ 0
= log(NO)OéA+5(OéA+aP)IOg(B1 {OZP( - )‘I—OéA })
~sap log(P00rf)
oF(9) Slastap)?  dap
90 {ap(f—X) +asl} 0
> 5(O£A + Oép)2 B 50ép
(OCA + Oép)(g 0
So, aF 9) 50

Since )\ < 50‘;
ap(b—A)+5as > bap
,815{0(}3(5—)\)4‘50114}) > log(

log( .
) > odaplog(

d(aa + ap)log(

)
55150413
c

5B10ap
c

ﬁlé{a]:'(E) — )\) + 5(1,4}

C

)

33



Using the above inequality and log(Ng)aa > 0,

Bro{ap(b — ) + baa}

F(5) = log(No)aa +d(ca + ap)log( .

55150613)

)

—dap log(
> 0

Since F(5) > 0 and 61;—5,9) > 0, there exists € [1,5] such that F () = an*%% - %
0,v0 >60. m
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